Abstract. The aim of this note is to understand the injectivity of Feigin's map F w by representation theory of quivers, where w is the word of a reduced expression of the longest element of a finite Weyl group. This is achieved by the RingelHall algebra approach and a careful studying of a well-known total order on the category of finite-dimensional representations of a valued quiver of finite type. As a byproduct, we also generalize Reineke's construction of monomial bases to nonsimply-laced cases.
Introduction
Let U + be the positive part of a quantum enveloping algebra associated to a Cartan matrix C ∈ M I×I (Z) and w = (i 1 i 2 · · · i m ) ∈ I m a word in alphabet I. In 1990s', B.
Feigin proposed a homomorphism F w from U + to the quantum polynomial algebra P w as a tool for studying the skew-field of fractions of U + . He also conjectured that F w is an embedding provided that C is of finite type and w is a word associated to a reduced expression of the longest element in the Weyl group of C. This conjecture has been confirmed by K. Iohara and F. Malikov in a special case [7] and by A. Joseph in general [8] . Moreover, F w induces an isomorphism of skew-fields of fractions on both sides in this case (see also [1] ). In particular, this embedding gives us a realization of U + as subalgebra of P w which leads to a construction of (dual) monomial bases for the quantum enveloping algebras of finite simply-laced type in [14] .
There are two other well-known realizations of U + which are independent of the choice of the type of C. The first one is an embedding of U + into the quantum shuffle algebra [6, 17] , which is dual to the realization of U + as a quotient of a free algebra. The second one is an embedding of U + into (dual) Ringel-Hall algebra, which was discovered by Ringel [16] and Green [5] . Both realizations provided us a better understanding of certain bases of U + (cf. [10, 16, 17] for instance). Recently, the Feigin's map F w has been extended to quantum shuffle algebras in [18] and (dual)
Ringel-Hall algebras in [2] . Moreover, these Feigin-type maps fit into a commuting tetrahedron of maps beginning with the quantum enveloping algebra and terminating in a quantum polynomial algebra [18] .
Let C be a Cartan matrix of finite type and (Q, d) a valued quiver associated to C. Let H * (Q) be the dual Ringel-Hall algebra of (Q, d). In this case, the embedding of U + into H * (Q) is an isomorphism. In particular, U + admits a PBW basis parametrized by the isoclasses of representations of (Q, d). Let ω 0 be the longest element of the Weyl group associated to C. It is well-known that the reduced expressions of ω 0 also have close connection with the representation theory of (Q, d) (see Section 4.1 or [11] for instance). Our main purpose is to pursue a representationtheoretic understanding of the injectivity of Feigin's map F w , where w is a word associated to a reduced expression of ω 0 . This is achieved by a careful studying of a well-known total order on the category of finite-dimensional representations of a valued quiver of finite type. In fact, we obtain the injectivity of F w for a large class of words w which may not be the words of reduced expressions of the longest element ω 0 (cf. Theorem 4.5). Moreover, we find that the total order consider in present paper can be used to replace the degeneration order ≤ deg in [14] . Thus we generalize the construction of monomial bases in [14] to all the Cartan matrices of finite type.
The paper is structured as follows. In Section 2, we recall definitions and basic properties concerning graded duals of graded (co)algebras, quantum enveloping algebras, quantum shuffle algebras and quantum polynomial algebras. Section 3 is devoted to give a unified treatment of the Feigin-type maps by using the graded dual approach, which simplifies a lot of calculations in [18] . The results will be employed to give a representation-theoretic understanding of the injectivity of the Feigin's map in Section 4. After introducing the total order associated to an enumeration in Section 4.2, we prove a fundamental result (Proposition 4.4) on the behavior of a representation with respect to the total order in Section 4.3. We then deduce the injectivity of Feigin's map (Theorem 4.5 and 4.6) from Proposition 4.4. We end up with two applications of the total order in Section 5. The first one is to generalize the construction of [14] to all the Cartan matrices of finite type. In particular, we obtain monomial bases (Theorem 5.1) for quantum enveloping algebras of finite type following [14] . The second one (Proposition 5.2) is a characterization of modules for representation-finite hereditary algebras over finite field.
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Preliminary
2.1. Quantum binomial coefficients. Let v be an indeterminate. The quantum numbers, factorials and binomials in variable v are defined as follows
The following result is known as Pascal identities.
Lemma 2.1.
2.2.
Recollection on bialgebras and their graded duals. We refer to [9] for basic definitions and properties of coalgebras and bialgebras. Let K be a field and I a finite set. For a finite-dimensional K-vector space V , denote by Vof η. It is well-known that (A * , µ * , η * ) is an NI-graded coalgebra over K. Namely,
and η * (A * α ) = 0 for α = 0. Dually, let (A = α∈NI A α , ∆, ǫ) be an NI-graded coalgebra with comultiplication ∆ : A → A ⊗ A and counit ǫ : A → K. Assume that dim K A α < ∞ for each α ∈ NI. One can also consider its graded dual space A * and the adjoints ∆ * , ǫ * of ∆ and ǫ respectively. Then (A * , ∆ * , ǫ * ) is an NI-graded K-algebra. In particular,
The NI-graded algebras, coalgebras and bialgebras considered in the following are assumed to have finite-dimensional components.
of NI-graded algebras, we consider the linear map f * : B * → A * from the graded dual B * to A * defined by
We call f * the adjoint of f with respect to the evaluation pairings −, − A and −, − B . It is easy to check that f * : B * → A * is a homomorphism of NI-graded coalgebras. That is, f * is a homomorphism of colagebras and f A α , µ, η, ∆, ǫ) be an NI-graded bialgebra over K with finite-dimensional components. Assume that there is a non-degenerate symmet-
Proof. Let ψ be the linear map defined as follows
Now it is routine to check that ψ is a homomorphism of bialgebras. For instance, for any a, b, c ∈ A, we have
Consequently,
On the other hand, we clearly have
In particular, ψ satisfies the following commutative diagrams
The other commutative diagrams can be verified similarly.
2.3.
The free algebra F and quantum shuffle algebra. We follow [12] . Let
Let L be the root lattice of the Kac-Moody algebra g associated to the Cartan matrix C. Denote by Π = {α j , j ∈ I} the set of simple roots of g which
Let v be an indeterminate. The free algebra F is the free Q(v)-algebra generated by x j , j ∈ I. If we set deg
Denote by µ the multiplication of F and η : Q(v) → F the unit of F .
We endow F ⊗ F with the following twisted multiplication
for homogeneous elements u 1 , u 2 , z 1 , z 2 of F . Denote by ∆ : F → F ⊗ F the homomorphism of algebras given by (1) Let i ∈ I, n ∈ N,
Proof. The statement (1) can be proved by induction on n and the Pascal identities.
The statement (2) follows from (1) and the fact that ∆ is a homomorphism of algebras.
The quantum shuffle algebra [6] associated to the Cartan matrix C is the graded
which is again an NI-graded bialgebra. Let W = ∪ m≥0 I m be the set of words in alphabet I. For each u = (j 1 j 2 · · · j m ) ∈ W , set
Then it is easy to compute the comultiplicatioin µ * of F * :
In order to compute the multiplication ∆ * of F * , we need some more notation.
Let Σ r be the symmetry group of r letters. We denote an element σ ∈ Σ r by σ = (σ 1 , · · · , σ r ), where σ 1 , · · · , σ r is a permutation of 1, 2, · · · , r. Let σ Using the definition of ∆ * , for
where s(σ, u 1 , u 2 ) = k≤r,l>r,σ
2.4. Quantum enveloping algebra. Recall that C = (c ij ) ∈ M I×I (Z) is a symmetrizable Cartan matrix. The quantum enveloping algebra U + is the Q(v)-algebra generated by E j , j ∈ I subject to the quantum Serre relations
NI-graded algebra which is a quotient algebra of F .
In fact, the algebra U + has a bialgebra structure whose comultiplication ∆ :
is a homomorphism of bialgebras. Moreover, there is a non-degenerate symmetric
Therefore the quantum enveloping algebra U + is isomorphic to its graded dual U * + . In particular, let e i , i ∈ I be the basis of (U *
is a homomorphism of bialgebras. For more properties of U + , we refer to [12] .
The quantum polynomial algebra P w associated to the Cartan matrix C and the word w is the Q(v)-algebra generated by t 1 , · · · , t m subject to the relation
is a Q(v)-basis of P w and we have
Then the algebra P w is NI-graded and each component is finite-dimensional. Let P * w be the graded dual of P w which is a coalgebra. Denote by ∆ = µ * and ǫ = η * respectively the comultiplication and counit of P * w . Let {t a | a ∈ N m } be the basis of P *
3. Feigin-type maps 
An orientation Ω of a valued graph (I, d) is to assign each edge (i, j) an arrow i → j or j → i. In this case, we obtain a quiver Q with vertex set I. A valued quiver is a valued graph (I, d) endowed with an orientation Ω. In the following, we always denote a valued quiver by (Q, d) and assume that Q is acyclic.
Let K be a field and
each i ∈ I such that the following diagram is commutative for each arrow α : i → j:
Let rep(Q, d) be the category of all the finite-dimensional K-representations of
It is a hereditary abelian category over K. It is also well-known that there is a finite-dimensional hereditary K-algebra Λ such that the category mod Λ of finitedimensional Λ-modules is equivalent to rep(Q, d). For an M ∈ rep(Q, d), we will denote by add M the subcategory of rep(Q, d) consisting of objects which are finite direct sum of direct summands of M.
For a given valued quiver (Q, d), we associate a matrix
Cartan matrix with symmetrizer f = {f i , i ∈ I}. Moreover, the valued quiver (Q, d)
is of representation-finite type if and only if the Cartan matrix C (Q,d) is of finite type.
We refer to [3] for more details.
3.2. Ringel-Hall algebras. Let K be a finite field with |K| = q. Set v 2 = q in this subsection. For a given Cartan matrix C ∈ M I×I (Z), we may associate a valued
given by
where |M| stands for the image of 
we denote by [X] the isoclass of X. The Ringel-Hall algebra H(Q) of rep(Q, d) is an associative algebra with unit [0] (we also denote it by η : Q(v) → H(Q)) whose underlying space is the Q(v)-vector space spanned by the isomorphism classes of representations of (Q, d) and the multiplication µ is given by
δ M,N . We endow the tensor product H(Q)⊗ H(Q) with the twisted multiplication
type, the homomorphism Ψ is an isomorphism;
is an NI-graded bialgebra and the homomorphism Ψ is an injective homomorphism of bialgebras.
Note that the multiplication µ and the comultiplication ∆ form an adjoint pair with respect to the non-degenerate bilinear form (−, −) H(Q) . Let H * (Q) be the graded dual of H(Q) and
as bialgebras. Moreover, the linear map
is also an injective homomorphism of algebras.
3.3. Feigin-type maps. Recall that for a given Cartan matrix C ∈ M I×I (Z), we have three NI-graded bialgebras: the quantum enveloping algebra U + , the quantum shuffle algebra F * and the dual Ringel-Hall algebra H * (Q). For a fixed word w ∈ W , there is a quantum polynomial algebra P w . There are various homomorphisms of algebras between these four algebras which have been studied extensively due to its connection to quantum groups, cluster algebras and motivic Donaldson-Thomas invariants (cf. [2, 10, 14, 15, 18] ). In particular, we have the following.
(1) (Feigin) The linear map
is a homomorphism of algebras.
is a homomorphism of algebras, where S
is the direct sum of a k copies of
is a homomorphism of bialgebra.
(4) (Rupel [18] ) The linear map
The morphism F w is called Feigin's map of type w, which was first proposed by B. Feigin as a tool for studying the skew-field of fractions of (U + ) * . The morphism w is called generalized Feigin's homomorphism in [18] . For special choice of words w, these morphisms were used to study the associated quantum cluster algebras [2] . The morphism Ω is called quantum shuffle character in [18] which establishes a connection between representations of the valued quiver (Q, d) and the irreducible representations of the associated KLR algebra.
The rest of this section is devoted to give an alternative proof for the aforementioned homomorphisms. Here we emphasize the graded dual approach which not only simplifies a lot of calculations in [18] , but also leads to a representation-theoretic understanding of the injectivity of Feigin's map for certain special words w in Section 4. 
is a homomorphism of bialgebras.
Proof. Recall that F is the free associative algebra generated by x i , ∈ I, it is clear that Φ is a homomorphism of algebras. It remains to show that the following diagrams are commutative
and
By Theorem 3.1 (2), we know that ∆ H(Q) is a homomorphism of algebras, hence
primitive in H(Q). The commutativity of the other diagram follows similarly.
is a homomorphism of coalgebras.
Proof. We are going to show that the following diagram is commutative
On the other hand, by Lemma 2.3, we have
Comparing the coefficients of x b w ⊗ x c w , we deduce that
Now we are in a position to prove Theorem 3.2.
Proof of Theorem 3.2:
We first prove Theorem 3.2 (3) and (4). Let Φ * : H * (Q) → F * be the adjoint of Φ and T * w : F * → P w the adjoint of T w . Hence Φ * is a homomorphism of bialgebras and T * w is a homomorphism of algebras. We are going to show that Ω = Φ * and
Let −, − Pw : P * w × P w → Q(v) be the evaluation pairing. For any a ∈ N m and u ∈ W , we have
Note that x z w (a)t a = S w (y u ).
To prove Theorem 3.2 (2), we notice that Φ•T w : P * w → H(Q) is a homomorphism of coalgebras and hence its adjoint (Φ • T w )
* : H * (Q) → P w is a homomorphism of
On the other hand,
Note that
Finally, recall that we have a homomorphism of bialgebras π : F → U * + by π(x i ) = e i , i ∈ I. In order to prove Theorem 3.2 (1), it suffices to prove that 
Remark 3.5. Recall that we have a homomorphism Ψ :
3.5. Relation to Rupel's notations. In order to compare the homomorphisms defined above with the ones of [18] , we need to consider P w , H * (Q) and F * over the field Q(v 1/2 ). In [18] , Rupel introduced different basis for P w and H * (Q).
Recall that we have fixed a word w = (
It is clear that {t
)} also forms a basis of H * (Q). By applying the homo-
This verifies that w coincides with the one of Berenstein-Rupel [2] .
For the quantum shuffle algebra F * , Rupel also considered a new basis. More precisely, for any u = (j 1 j 2 · · · j r ) ∈ W , set
one can verify that
where
k≤r,l>r,σ
Moreover, for u ∈ W ,
Similar to the homomorphism w , one can verify that
4. Feigin's map for Cartan matrices of finite type 4.1. Weyl group of Cartan matrix of finite type. Let C ∈ M I×I (Z) be a Cartan matrix of finite type and g the associated complex semisimple Lie algebra. Recall that L is the root lattice of g with symmetric bilinear form (−, −) and Π = {α i , i ∈ I} is the set of simple roots. Denote by Φ + the set of positive roots of g.
For each α ∈ Φ + , we define the reflection
which is an automorphism of L. Let W (C) be the Weyl group of g which is the subgroup of the automorphism group Aut(L) generated by the simple reflections r i := r α i , i ∈ I. Since C is of finite type, we know that W (C) is a finite group.
Each element ω ∈ W (C) can be written as a product of the simple reflections, say ω = r i 1 · · · r is . The length l(ω) of ω is defined to be the smallest s for which such an expression exists. In this case, we call ω = r i 1 · · · r is a reduced expression of ω. It is well-known that there is a unique element ω 0 ∈ W (C) which has the maximal length l(ω 0 ) = |Φ + | =: ν. The element ω 0 is also characterized by the following property:
if ω ∈ W (C) such that ω(Π) = −Π, then we have ω = ω 0 .
It is also well-known how to write down reduced expressions for ω 0 and the reduced expressions of ω 0 have played an important role in the study of canonical bases of the corresponding quantum enveloping algebra [12, 13] . We denote by X the set of words associated to reduced expressions of ω 0 . In particular, X consists all of the
Recall that a cycle in a category C consists of indecomposable objects X 1 , · · · , X t ∈ C with t ≥ 2 and non-isomorphic and non-zero morphisms g i : X i → X i+1 , 1 ≤ i < t such that X 1 ∼ = X t . Let (Q, d) be a valued quiver associated to the Cartan matrix C.
We identify the vertex set Q 0 with I. Let ind(Q, d) be a representative set of isoclass of indecomposable representations of (Q, d). Denote by τ the Auslander-Reiten (AR) translation of (Q, d) and τ −1 its inverse. Let P i and I i be the indecomposable projective representations and injective representations respectively associated to the vertex i ∈ I. We define P = {P i | i ∈ I} and I = {I i | i ∈ I}. We list the following well-known facts for the valued quiver (Q, d) associated to the Cartan matrix C of finite type (cf. [3] ):
• the valued quiver (Q, d) is representation-directed, that is, there is no cycle in rep(Q, d).
• the dimension vector dim induces a bijection between ind(Q, d) and the positive roots Φ + of the complex semisimple Lie algebra g associated to C. In
• 
An enumeration e of (Q, d) is a bijection e : {1, 2,
Hom(e(i), e(j)) = 0 = Ext 1 (e(j), e(i)) for all 1 ≤ j < i ≤ ν.
The valued quiver (Q, d) is representation-directed implies that there exist enumerations for (Q, d). A word (i
there exists an enumeration e of (Q, d) such that θ τ (e(ν + 1
Note that if the word (i 1 i 2 · · · i ν ) is adapt to (Q, d), one can construct the enumeration e from (i 1 i 2 · · · i ν ) uniquely. We remark that our definition of adapted to a valued quiver is opposite to the one of [11] . In particular, a word w = (i 1 · · · i ν ) is adapted to the valued quiver (Q, d) in our definition if and only if w is adapted to the opposite valued quiver (Q op , d) in the sense of [11] . The following well-known fact gives the words of reduced expressions of ω 0 ∈ W (C) which are adapted to the valued quiver (Q, d) (cf. [11] ).
Lemma 4.1. For any enumeration e of (Q, d), define the word w e := (
In particular, w e is a word of a reduced expression of ω 0 adapted to the valued quiver Fix an enumeration e of (Q, d) and denote by e(k)
This defines a total order ≤ e on rep(Q, d). The following result shows that the order ≤ e is compatible with quotients. 
Proof. We may write
Applying Hom(−, M 1 ) to the short exact sequence, we obtain the following exact 
Words arising from directed partitions.
The notion of directed partition was introduced in [14] to construct monomial bases for U + . Each enumeration e of (Q, d) yields a directed partition with ν subsets. On the other hand, for any given directed partition D * = D 1 ∪· · ·∪D s , we may obtain an enumeration e D * (not unique) as follows: for each subset D k , we enumerate objects For any N ∈ add M D k , we have
We then define the vector v D * (N) as follows:
where n 1 is the
We call v D * (N) the generated vector of N with respect to the directed partition D * .
For a word w = (i 1 i 2 · · · i t ) and a = (a 1 a 2 · · · a t ) ∈ N t , we define
be the generated vector of N with respect to the directed partition D * . Then we have Let us prove the second statement. Suppose that there is an object
We may write N as
Note that dim L = dim N and L < e D * N, we may also write L as
a contradiction. This finishes the proof.
Following [14] , given a representation M ∈ rep(Q, d), we define its k-th part with respect to the directed partition D * as
where µ U M denotes the multiplicity of the indecomposable U as a direct summand of M. By the definition, we have
We call v D * (M) the generated vector of M with respect to the directed partition D * .
The following result plays a key role in the study of the injectivity of Feigin's map.
Proof. First we note that 
Thus to prove the second statement, it suffices to prove that if there is an
In this case, we may assume that
Again by Lemma 4.2, we know that 
is a basis of H(Q), we are going to show that each [M] belongs to the image of
Let v D * (M) = (a 1 , · · · , a µ ) be the generated vector of M with respect to D * , set
Proposition 4.4 and a direct calculation shows
Note that there are only finitely many L such that dim L = dim M and M < e D * L. We remark that in general the word w D * does not belong to X . In order to obtain w D * ∈ X , one should consider the regular directed partition introduced in [14] . Such a construction does generalize to the non-simply-laced cases. Therefore applying Theorem 4.5 to a regular directed partition D * , we get the injectivity of F w D * for the word w D * of a reduced expression of ω 0 . We point out here that the proof of w D * ∈ X depends on Lusztig's work of canonical bases [13] . On the other hand, for a directed partition D * , we may construct an enumeration e D * associated to D * and the enumeration e D * yields a word w e D * ∈ X which is adapted to the valued quiver (Q, d). Moreover, any words adpated to vauled quivers can be constructed in this way. Thus, in the following, we will mainly restrict ourselves to the words adapted to valued quivers. The following result is known to hold for any reduced expressions of ω 0 , which was conjectured by B. Feigin and proven by K. Iohara and F. Malikov in a special case [7] and by A. Joseph in general cases [8] (cf. also [1] ). In [14] , M. Reineke also obtained a proof by using the monomial bases constructed in [14] for simply-laced cases. Since we pursue a representation-theoretic interpretation of the injectivity, we consider the reduced expressions which are adapted to valued quivers. The rest of this section is devoted to give a representation-theoretic proof for the following result.
Theorem 4.6. Let w ∈ X which is adapted to a valued quiver. Then the Feigin's map F w : U + → P w is injective.
Assume that w is adapted to the valued quiver (Q, d). By Theorem 3.1 (1),
we have U + ∼ = H * (Q). Therefore to prove Theorem 4.6, it suffices to show that 
is surjective, where
4.4.1. The behavior of Φ • T w under short braid relations. Let w 1 and w 2 be words of reduced expressions of ω 0 . Denote by w 1 = (j 1 · · · j ν ) and w 2 = (l 1 · · · l ν ). Recall that we have the quantum polynomial algebras P w 1 and P w 2 ,
Assume moreover that w 2 can be obtained from w 1 by a short braid relation, say
It is easy to see that the following assignment extends to an isomorphism of algebras
Moreover, the following diagram is commutative
is the adjoint of Ψ w 1 ,w 2 , which is an isomorphism of coalgebras.
If w 1 and w 2 are two words of reduced expressions of ω 0 which are adapted to a valued quiver (Q, d), we know that w 2 can be obtained from w 1 by finitely many steps of short braid relations. The above discussion implies that Φ • T w 1 is surjective if and only if Φ • T w 2 is surjective. In particular, to obtain Theorem 4.7, it suffices to prove it for a special word w 0 which is also adapted to the same valued quiver of w.
4.4.2.
A special choice of the word w 0 . Suppose that w is adapted to the valued quiver (Q, d). Recall that Q 0 = I = {1, · · · , n} and we have enumerated the vertices of Q in such a way that if there is an arrow from i to j, then i < j.
Denote by I 1 = I = {I 1 , I 2 , · · · , I n } and
there is a unique t ∈ N such that I t = {0}
and I t+1 = {0}. It is clear that τ t I n , τ
an enumeration e I of ind(Q, d) by deleting the zero representations in the sequence.
Denote by w 0 := w e I the corresponding word of e I (cf. Lemma 4.1) which is also adapted to the valued quiver (Q, d). Thus to prove Theorem 4.6, it remains to prove Theorem 4.7 for this special word w 0 .
For any 1 ≤ k ≤ t, we define a subset S k of I as
By the definition, we have
we consider the following word
In particular, w (1) = (12 · · · n) and w 0 = (w (1) , w (2) , · · · , w (t) ).
Denote by P 1 = P = {P 1 , P 2 , · · · , P n } and
Again by the finiteness of | ind(Q, d)|, there is an s ∈ N such that P s = {0}
and P s+1 = {0}. It is clear that P * = P 1 ∪ P 2 ∪ · · · ∪ P s is a directed partition of
Lemma 4.8. For each k ∈ N, we have |P k | = |I k | and t = s.
Proof. We prove the statement |P k | = |I k | by induction on k. This is clear for k = 1.
Suppose that the equality holds for k − 1. By the definition, we have
Note that there is a bijection g k−1 :
and the equality |P k | = |I k | follows.
To show t = s, it is enough to notice that
the following equalities hold
where e 1 , e 2 , · · · , e n is the standard basis of Z n .
Proof. For each 1 < k ≤ t, define
For any i, j ∈ I, we have Hom(τ −k+1 P i , I j ) ∼ = Hom(P i , τ k−1 I j ). In particular, if 1 < l ≤ k and j ∈ S l , then Hom(τ −k+1 P i , I j ) = 0. Consequently,
We claim that T := X k ⊕ M P k is a tilting module for rep(Q, d). By Lemma 4.8, we know that |T | = n. It remains to show that Ext
0 and it suffices to show Ext 1 (X, M) = 0 for any indecomposable direct summand X of X k and any indecomposable direct summand M of M P k . We may rewrite X k as
Let I i be an indecomposable direct summand of X k such that i ∈ S j \S j−1 , where
Auslander-Reiten duality, we have
Now T is a tilting module implies that
form a Z-basis of Z n . In particular, for each i ∈ I\S k , e i is a Z-linear combination of dim I j and dim M for j ∈ S k , M ∈ P k , say
where n ij , n iM ∈ Z for j ∈ S k , M ∈ P k . We claim that n ij = 0 for all j ∈ S k .
Otherwise, let l be the maximal element in S k such that n il = 0. Recall that Hom(M P k , I j ) = 0 for all j ∈ S k and Hom(I j , I l ) = 0 for j < l. Considering the Euler bilinear form, we obtain
However, we have e i , dim I l = dim K Hom(S i , I l ) = 0, a contradiction. In particular,
Recall that for the directed partition P * , we have a word w P * associated to the directed partition P * (cf. Section 4.3). As a consequence of Lemma 4.9, we have w P * = w 0 . By Theorem 4.5, F w 0 is injective. This completes the proof of Theorem 4.6.
5. Two consequences of the total order 5.1. Monomial bases of U + . Let C be a simply-laced Cartan matrix of finite type and U + the associated quantum enveloping algebra. In [14] , for a given directed partition D * , Reineke constructed a monomial basis for U + . The key point in his construction is the degeneration order ≤ deg which is only valid for algebraically closed fields. With the help of Frobenius morphisms, Deng and Du [4] also constructed certain monomial bases for non-simply-laced quantum enveloping algebras of finite types via the degeneration order ≤ deg . In this subsection, we show that the order ≤ e D * we considered here can be used to replace the partial oder ≤ deg in [14] . Thus it is possible to generalize most of the results in [14] to all the Cartan matrices of finite type. Here we only consider the result of monomial bases.
Let C ∈ M I×I (Z) be a Cartan matrix of finite type and U + the associated quantum enveloping algebra. Let (Q, d) be a valued quiver associated to C. Recall that we have an isomorphism U + ∼ = H(Q) by E i → [S i ]. In the following, we will identity U + We compute E (M ) using Claim 1: In particular, we have proved that
Note that F Note that the set S(M, D * ) is always a finite set. The following result inspired by Corollary 3.5 of [14] shows that the module M is uniquely determined by the set S(M, D * ). Proof. It is clear that (1) implies (2) and (2) Thus, M ∼ = N.
